LOCALLY NILPOTENT MODULE DERIVATIONS 
AND THE FOURTEENTH PROBLEM OF HILBERT 
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Abstract. Given a locally nilpotent derivation on an afSne alge- 
bra B over a field k of characteristic zero, we consider a finitely 

^«0 , generated B-module AI which admits a locally nilpotent module 

derivation Sm (see Definition 11.11 below). Let A — Ker 6 and 

r) , Mq = Ker Sm- We ask if Mq is a finitely generated A-module. 

In general, there exist counterexamples which are closely related 
to the fourteenth problem of Hilbert. We also look for some suffi- 

i-G ' cient conditions for finite generation. 



oo 



1. INTRODUCTION 



Throughout this paper, we denote by /c a field of characteristic zero 
>■ ' and hj B a /c-algebra. We denote the set of fc-derivations of B by 

Derfc(-B) and the set of locally nilpotent /c- derivations of i? by LNDfc(i?). 
00 ! We recall the following definition [9]. 

o ■ 

Definition 1.1. Let 6 G LNDk{B) and let M be a S-module with 
^ ■ a fc-linear endomorphism 6m '■ M — )■ M. A pair (M, 6m) is called a 

O . (B, 6)-m.odu\e (a (5-module, for short) if the following two conditions 

are satisfied. 

(1) For any h & B and m G M, 6M{b'm) = 6{b)m + 6(5M(m). 
rS \ (2) For each m G M, there exists a positive integer A^ such that 

c5' 5a/"M = Oifn> AT. 

Let A = Ker (5. Then 6m is an A-module endomorphism. Whenever we 
consider (5-modules, the derivation 5 on 5 is fixed once for all. We call 
6m a module derivation (resp. locally nilpotent module derivation) on 
M if it satisfies the condition (1) (resp. both conditions (1) and (2)). 
Define ipt : B ^ B[t] and (ft^M ■ M -^ M[t] = M ®b B[t] by 



oo -. oo -. 

Mh) = Y,-,^\b)f and ^t,M{m) = Y,-Mi\m)f 

i=0 i=0 
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ioT b & B and m G M, where B[t] is a polynomial ring. We call the 
t-degree oi ipt{b) (resp. (pt,M{'m')) the (5-degree of 6 (resp. the (J^-degree 
of m) and denote it by z/(6) (resp. UMijn))^ where we define the t-degree 
of zero to be — oo. 

If there is no fear of confusion, we simply say that M is a (5-module 
instead of saying that (M, 5m) is a 5-module, and we denote 5m, H^t,M 
and vm by 5, ipt and z/ respectively. If M is a 5- module, then Mq := 
Kei 6m = {"^ G M I 6M{fn) = 0} is an A-module. We retain below the 
notations A, Mq for this specific purposes. For the basic properties of 
(5- modules, we refer the readers to [9]. 

The fourteenth problem of Hilbert asks if i? = K (1 k[xi,- ■ ■ ,Xn] 
is finitely generated over k, where k[xi, ■ ■ ■ , x„] is a polynomial ring 
and i^ is a subfield of k{xi, ■ ■ ■ , x„) containing k. There have been 
constructed many counterexamples including the first one due to M. 
Nagata [6]. In most cases, the subring R is the invariant subalge- 
bra of a locally nilpotent /c-derivation 6 on k[xi,- ■ ■ ,Xn] (Roberts [8J, 
Kojima-Miyanishi [4J, Freudenburg |2j, Daigle-Freudenburg [1], Kuroda 
[5] etc.). Hence the finite generation of R is observed ring-theoretically. 
In the present article, we take a slightly different approach to the prob- 
lem. Namely, we consider the following problem. 

Problem 1.2. Let B he an affine k-domain with a locally nilpotent 
derivation 5 and let M he a finitely generated B-module with 6-module 
structure. Is Mq a finitely generated A-module with the previous nota- 
tions A and Mq ? 

If M has torsion as a 5-module, it is rather easy to construct a 
counterexample (Lemma 14. 2p to Problem 1.2. However, if M is torsion- 
free as a i?-module and A is a noetherian domain, then Mq is a finitely 
generated A-module (Theorem 14. 6p . Hence if diuiB < 3, then we have 
the positive answer (Corollary 14.71) . We also have the positive answer 
if Mq is a free A-module (Lemma 14. 9p . Thus, when we try to construct 
a counterexample in the case where M is a torsion-free -B-module, A 
has to be non-finitely generated over k and Mq has to be non-free over 
A. We construct counterexamples in the free case by making use of the 
counterexamples to the fourteenth problem of Hilbert given by Roberts 
[H], Kojima-Miyanishi [4|, Freudenburg 0, and Daigle-Freudenburg |lj. 
In such examples, we take S to be a polynomial ring and M to be the 
differential module fls/k on which 6 gives a natural module derivation 
(see §6). In the case where dim 5 > 5 there exists a counterexample, 
but Problem 11.21 is open in the case where dimS = 4. We note that 
there is no example obtained yet in the case dim 5 = 4 for which A is 
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not finitely generated over k. In order to prove the infinite generation 
of Mq, we need explicit forms of generators of A as a /c-algebra. 

If Problem 11.21 has a counterexample with a free S-module M, we 
can consider the symmetric tensor algebra R = S^{M) on which the 
module derivation 6m extends naturally as a locally nilpotent deriva- 
tion. Then the invariant subring of R under this derivation gives rise 
to a counterexample to the fourteenth problem of Hilbert, where in- 
finitely many generators of Mq give infinitely many generators of the 
invariant subring of R (Lemma 14. ip . With the same setting as above 
but without assuming that M is a counterexample to Problem II. 2[ we 
may ask if M is a counterexample to Problem 11.21 provided S^{M) is 
a counterexample to the fourteenth problem of Hilbert. The answer is 
negative (Theorem 15. 2p . 

We denote by BMq the i?-submodule of M generated by Mq. Given 
an integral domain B, we denote the quotient field of B by Q{B). The 
author would like to express his indebtedness to his adviser Professor 
M. Miyanishi. 



2. Basic properties of locally nilpotent derivations 
and locally nilpotent module derivations 

In this section, we summarize the basic properties of locally nilpotent 
derivations and locally nilpotent module derivations. 

Given 6 G LNDk{B), the kernel A oi 6 satisfies the following prop- 
erties. 

Lemma 2.1. Let 6 G LNDfc(i?). Suppose B is an integral domain. 
Then we have: 

(1) A is a factorially closed subring of B, i.e., if bb' G A with 
nonzero b,b' & B, then b & A and b' E A. 

(2) The derivation 6 extends uniquely to a derivation 6q(^b) on Q{B) 
and we have Q{A) = Ker 5q(_b) and A = B (1 Q{A). 

(3) IfS{b) G bB with beB, then b e A. 

Define ipt : B ^ B\t], cpt^M ■ M -^ M[t], z/ : S ^ N U {-oo}, and 
um '■ M — )• NU{— oo} asin§l. Then these mappings have the following 
properties. 

Lemma 2.2. With the notations as in §i, we have: 

(1) (ft is an A-algebra homomorphism and ft,M is an A-module 
homomorphism satisfying (ft,M{bm) = (ft{b)(pt,Mi''^) Z'^'" ^^^2/ ^ ^ 
B and m G M. 
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(2) // B is an integral domain and M is a torsion-free B -module, 
then for any b,b' E B and m,m' E M we have: 

T,(hh') = u{b) + u{b'), u{b + b') < max(z/(6), u{b')) 

UMibm) = v{b) + UMim), z/m("^ + "m') < max(z/M(m), z/m("^'))- 

Next we recall the definition of a slice and summarize the properties 
of a slice. 

Definition 2.3. Given 5 e LNDk{B), we call an element u e B a. 
slice ii 6{u) = 1. 

Lemma 2.4. Suppose that 6 G LNDfc(i?) has a slice u. Let M he a 
6-module. Then we have: 

(1) The element u is transcendental over B, B = A[u] and M = 
Mq^aB. 

(2) Define an A-algebra endomorphism ip^u : B ^ B and an A- 
module endomorphism ip-u,M '■ M ^ M by 

V-u{b) = Y^ -5*(6)(-m)^ and v9_„,mM = ^ -r^{-uy6\m) 

i=0 ' i=0 

forb G B andm G M. Then A = ip^u{B) and Mq = lp-u,m{M). 
In particular, if {bi, ■ ■ ■ ,6^} is a system of generators of the 
k-algebra B, then {(p_„(6i), ■ ■ ■ ,ip_u{br)} is a system of gener- 
ators of the k-algebra A. If {mi, ■ ■ ■ ,ms} is a system of gen- 
erators of the B-module M, then {v^_«,m(^i), ■ ■ ■ , V^-m,m("^s)} 
is a system of generators of the A-module Mq. 

We extend a derivation to the localization as follows. 

Lemma 2.5. Let 6 G LNDk{B), M a 6-module and S a multiplicatively 
closed subset of A. We can define S~^6 G LNDfe(S'^^-B) and a locally 
nilpotent module derivation S~^6m on S^^M by 

^-i^m^M and -1^ ^-\_^mM 



S''6m (- 



s J s \ s y s 

for b e B, m e M and s e S. Then Ker {S'^5) = ^-^(Ker 5) 
andKeT{S-^6M) = ^"^(Ker^M). Further, S~^M is a {S-^B,S-H)- 
module. 

We define (5-ideals, (5-submodules, and 5-homomorphisms, and sum- 
marize the properties concerning them. 

Definition 2.6. Let 5 e LNDk{B) and let M,N be 5-modules. An 
ideal / of -B is called a 5-ideal if 6{I) C /. A 5-submodule L of M is 
called a (5-submodule of (M, 6m) if 6m{L) C L. We can regard (5-ideals 



5-MODULES AND THE FOURTEENTH PROBLEM OF HILBERT 5 

as (5-submodules of the (5-module B. A homomorphism of 5-niodules 
/ : M — )■ A^ is called a (5-homoinorphisni if J'Sm = ^nJ- 

Lemma 2.7. Let 6 G LNDfc(i?) and let I be a 6-ideal. Then we have: 

(1) Every prime divisor of I is a 6-ideal. 

(2) Every isolated primary component of I is a 6-ideal. 

(3) The radical yl is a 6-ideal. 

Lemma 2.8. Let 6 G LNDfc(5) and let M,N be 6-modules. If a B- 
module homomorphism f : M ^ N is a 6 -homomorphism, then Ker / 
is a 6-submodule of M and Im f is a 6-submodule of N. 

We can define module derivations on the tensor product of two 6- 
modules and on the module of S-module homomorhpisms between two 
(5-modules as follows. 

Lemma 2.9. Let 6 G LNDfc(i?) and let M,N be 6-modules. Define 

6Mm : M ^B N -^ M ^B N by 

6m®n{^ ®n) = 6M{m) ®n + m® 6N{n) 

for m E M and n E N, and define 6i{ora{M,N) '■ HomB(M, A^) — )■ 
Homs (M,iV) by 

6Rom{M,N){f)ifn) = 6Nifim)) - f{6M{m)) 

for f G 1A.ovcvb{M , N) and m G M. Then 6m(^n is a locally nilpotent 
module derivation and 5Hom(M,Af) is a module derivation. Further, if M 
is finitely generated over B, then 5Hom(Af,Ar) is locally nilpotent. 



3. The case where B = k[x,y] 

In this section, we consider the structure of a 5-module in the case 
where 5 is a polynomial ring k[x,y]. Given any 6 G LNDk{B), after a 
change of coordinates, we may assume that 6{x) = and 6{y) G k[x] 
by the theorem of Rentschler [7|. 

Lemma 3.1. Let B = k[x, y] be a polynomial ring, 6 G LNDk{B), M a 
finitely generated {B, 6) -module and Mtor the torsion part of M. Then 
there exists an element a G A such that {M/Mtor:)[a^^] = ©"=i B[a~^]ei 
with a free basis {el, ■ ■ ■ , e^} . Suppose that ei E M represents el for 
each i. Let M' = Bei + ■ ■ ■ + Ben- Then we have M' fl Mtor = and 
hence M' © Mtor C M. Furthermore, M/{M' © Mtor) is annihilated by 
the power of a. 



6 MIKIYA TANAKA 

Proof. Let u' be an element of B such that a := S{u') is a nonzero 
element of A. Then u = u' /a is a slice for the extension of 5 on i?[a^^]. 
Furthermore, by Lemma [2 ■4[ (1), we have 

B[a-^] = A[a-^][u\, M ®b B\a-^] = MQ®AB[a-\ and 
(M/Mtor)[a-i] = (M/Mtor)o[a"'] ®A[a-i] A[a-i]M . 

Since (M/Mtor)o['^ ""^l is a finitely generated, torsion-free A[a~-^]-module 
and ^[0^"*^] is a PID, it is a free A [a~^] -module, whence (M/Mtor)o[a~^] = 
©r=i ^[c^^^l^j with a free basis {ei, . . . , e„} and (M/Mtor)[a~"^] = 

Suppose that feiCi + ■ — h 6„e„ G Mtor with bi E B. Then there exists 
a nonzero element h E B such that 66161 + ■ ■ ■ + 66„e„ = 0. We have 
hhiCi + ■ ■ ■ + hhn'e^ = 0. Since {eT, ■ ■ ■ ,e^} is a free basis, we have 
bbi = and hence 6j = for all i. Hence M fl Mtor = 0. The rest of 
the assertion is clear. D 

We look at the structure of prime (5-ideals and primary (5-ideals. 

Lemma 3.2. Define S E LNDfe(5) by 5{x) = and 6{y) = f = 
Pi^^---Pn^", where each pi is a prime element in k[x]. Then any 
nonzero prime 6-ideal p satisfies one of the following: 

(1) p = (p) for a prime element p E k[x]; 

(2) p = {pi,g) for some i, where g is irreducible in {k[x]/{pi))[y]. 

In particular, if 6{y) is a unit, then any nonzero prime 6-ideal is 
generated by a prime element in k[x]. Any nonzero primary 6-ideal q 
satisfies one of the following: 

(3) q = (p*") for a prime element p E k[x] and a positive integer r; 

(4) q = {pi^,g^) for some i and positive integers r, s, where g is 
irreducible in {k[x]/{pi))[y]. 

In particular, if 6{y) is a unit, then any nonzero primary 6-ideal is 
generated by the power of a prime element in k[x]. 

Proof. We prove only the assertion concerning a prime (5-ideal. First 
we consider the case where ht p = 1. Then p = {p) for some p E B and 
hence 6{p) E [p). This implies that p E A. 

Second we consider the case where ht p = 2. Then po := p fl A;[x] is 
a nonzero prime ideal of k[x]. Indeed, since p 7^ and 6{p) C p, there 
exists a nonzero element in p fl A;[a;]. Hence po = (p) for some prime 
element p E k[x]. The derivation 6 on B induces a locally nilpotent 
derivation 6 on k[x,y]/{p) = {k[x]/{p))[y] and p := p/{p) is a nonzero 
prime 5-ideal. Since (fc[a^]/(p))[2/] is a PID, we have p := (g) for some 
irreducible element g in {k[x]/{p))[y]. We show that / ^ (p) leads to a 
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contradiction, li f ^ (p), then Ker 6 = k[x]/{p). Since 6{g) G (g), we 
have g G k[x]/{p). Hence p = {p, g) for some g G k[x\^ but since p and g 
are mutually prime in k[x\^ we have (p, g) = B, which is a contradiction. 
We can prove the assertion concerning a primary 5-ideal in a similar 
fashion noting that any primary i?-ideal q of height 1 is of the form 
(g*") for some prime element g G -B. Indeed, ^/q = (q) for some prime 
element q E B. Since R^ is a DVR, we have c{R^ = q^R^ for some 
r. Hence q = qi?^ nR= q^'R^ nR = q' R. D 

Since every prime divisor of a (5-ideal is a (5-ideal, the above lemma 
implies that any radical (5-ideal / of i? is of the form 

I = {a)r]{pi,,gi)r]---r]{pi„gt), 

where a G k[x] is not divisible by any pi. and each gj is irreducible 
in {k[x]/{pi^))[y] and if ir = is, then gj. and gs are mutually prime in 
{k[x]/{pi^))[y]. Then we have 

B/I = B/{a) X B/{p,„g,) x ■ ■ ■ x 5/(p„ (?,). 

Note that an embedded primary component of a 5-ideal is not neces- 
sarily a 5-ideal. This is shown in the following example. 

Example 3.3. Define 5 G LNDfc(5) by 5{x) = and 5{y) = x. Then 
/ := {x'^,xy) is a (5-ideal. We have a minimal primary decomposition 
/ = {x) n {x'^,y), where (x) is an isolated component and {x'^,y) is an 
embedded component. Then (x) is a (5-ideal but (x^, y) is not a (5-ideal. 
Indeed, 6{y) = x ^ {x'^,y). Note that ^/{x^~y) = {x,y) is a 5-ideal. 

4. Sufficient conditions for finite generation 

In this section we consider how the torsion of a finitely generated 
{B, 5)-module M affects the finite generation of Mq as an A-module. 
We give some suffficient conditions for the finite generation of Mq. 

First we look at the case where 5 is a polynomial ring A[y] in one 
variable. 

Lemma 4.1. Let B = A[y] be a polynomial ring over a noetherian 
domain A and define 5 G LND^(i?) by 6{y) = a, where a is a nonzero 
element of A. Let M be a finitely generated {B,6)-module such that 
the element a has no torsion in M. Let BMq be the B-submodule 
of M generated by Mq. Then BMq is a direct sum ©^o^*^o '^'^^ 
Mq = BMQJyBMQ. Hence Mq is a finitely generated A-module. 

Proof. We note that A = Ker6. Suppose m = mQ+ymi + - ■ ■+y^mr = 
with nii G Mq. Then S'^{m) = rla^m^ = and hence nir = by the 
assumption. By repeating the same argument, we obtain m, = for all 
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i. This implies that BMo = ^'^qV^Mo. Since i? is a noetherian ring, 
BMq is a finitely generated 5-module. Suppose that rii,- ■ ■ ,71^ G M 
generate BMq as a S-module. We may assume that each n, belongs 
to Mq. Then we have Mq = BMo/yBMo = Arii H h An^. D 

In the above lemma, if the element a has torsion elements in M, then 
Mq is not necessarily a finitely generated A-module. This is shown in 
the following lemma. 

Lemma 4.2. Let B = k[x,y] be a polynomial ring and define 6 G 
LNDfc(5) by 6{x) = and 6{y) = x. Let M = B/x^B. Then M is a 
{B, 6) -module in a natural fashion and Mq is not a finitely generated 
A-module. 

Proof. We can prove Mq = {k + xB)/x^B as follows. Suppose 5{f) = 
xfy G x^B with f E B, where fy denotes the partial derivative of / 
with respect to y. Then we have fy G xB, i.e., f = xg + a for some 
g & B and a E k. Hence we have Mq = {k + xB)/x'^B which contains 
xy^ for all i. This implies that Mq is not a finitely generated A-module 
since A = ^[x]. D 

However, there exists a finitely generated torsion {B, (5)-module M 
such that Mq is a finitely generated A-module, as shown in the following 
lemma. 

Lemma 4.3. Let B = k[x,y] be a polynomial ring and define 6 G 
LNDfc(5) by 5{x) = and 5{y) = f{x) G k[x\ = A. Let M = {Bci © 
Be2)/{ye2,yei + f{x)e2, f{x)ei) be a {B,6)-module defined by 5{ei) = 
and 6(62) = ei, where Bci © Be2 is a free {B,6)-module of rank two. 
If we write M = Bei + Be2, then we have M = Aci + Ae2 and Mq = 
Aei + Af{x)e2. 

Proof. Since yei = — /(x)e2, we have Bei C Aei + Be2. Since ye2 = 0, 
we have Be2 C Ae2. Hence we have M = Aei + Ae2. Suppose that 
m = aiEi + 0262 G Mq with a^ G A. Then 6{m) is represented by 
0261 G {ye2,yei + f{x)e2,f{x)ei). This implies that a2 G f{x)A and 
hence Mq = Aei + Af{x)e2. □ 

Arguing as in Lemma 14.11 we can prove the following. 

Lemma 4.4. Let B = C[x,y,z] be a polynomial ring over a k-algebra 
C and define 5 G LNDf7(i?) by 5{x) = 0, 6{y) = f and 6{z) = g, where 
f is a nonzero element of C[x] and g is a nonzero element of k[y]. Let 
M be a finitely generated {B., 5) -module. Suppose that the element f 
has no torsion in M . Then Mq is a finitely generated A-module. 
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Proof. Let c|/" be the highest degree term of g. We have 

^-,//(^) - - 7 ■ « + |i • «'/ + ■ ■ • + (^rb ■ (-7) "" ■ «'"'/"■ 

Note that 6{ip_y/f{z)) = with 6 extended naturally to B[f^^]. The 
coefficient of t/""*"^ in f{p_y/f{z) is equal to 

EM)- "'"' ''-:,'"""'' }^-;r^^°- 

Thus we have A D k[x, y^^^ + ■ ■ ■ ] and hence i? = y4[z] + v4[z]?/ + ■ ■ ■ + 
A[2]y". We claim that BM^ = (Q^q^Wq) © ■ ■ ■ © (Q^gzVMo). 
Indeed since z/(t/) = 1 and z/(z) = n + 1, we have v{y'^z^) = i + {n + 
l)j. For Q < i < i' < n and j, j' > such that (i,j) 7^ {i',j'), 
we have u^y'^z^) 7^ z/(y* 2;-' ). It follows easily that ^[^q-^^'^o* + ■ ■ ■ + 
^1=0-^*2/""^™ = with mjj G Mq implies that rriij = for all i,j, 
where we use the assumption that the element / has no torsion in M 
and the fact that if 6'^{y^z^) G A, then 6'^{y'^z^) = sf'' for some s G Q 
and t G N. Hence we have BM^ = (0^^ z'Mo) © ■ ■ ■ © (0^o z'y'^Mo) 
and Mq = BMo/{y, z)BMq is a finitely generated A-module. D 

In the rest of this section, we consider the case where M is a torsion- 
free 5- module. 

Lemma 4.5. Let S G LNDfc(i?) and let M be a finitely generated 
torsion-free {B, 6) -module. Suppose that 6 is nonzero and A is an inte- 
gral domain. Then there exists a free {B, 6)-module F = Bfi®- ■ -(BBfn 
with fi G Fq and F contains M as a 6-submodule. 

Proof. Since 6^0, there exists a nonzero element a in A f] S{B) so 
that the derivation on i?[a~^] induced by 6 has a slice. Hence we have 
Mo[a~^] is a finitely generated 74[a~^]-module by Lemma 12.41 Since 
Mqi^aQ^A) is a free (5( A) -module, there exists c E A such that Mo[c~^] 
is a finitely generated free A [c~^] -module and the derivation on -B[c^^] 
induced by 6 has a slice. Then we have M[c~^] = B[c~^]^aIc-'^]Mq[c^^]. 
Let {ei, ■ ■ ■ , en} be a free basis of Mo[c^^]. Suppose that mi, ■ ■ ■ ,mr 
generate M as a i?-module and that rrii = c~^' Yl'i=i ^ij^j "with non- 
negative integers Ui and bij G B. Let A^ = maxi(rii). Then we have 
Mcer=ii?(e./c^). D 

In the above lemma, if the rank of F is one, then we can regard 
M as a 6-ideal. Indeed, if we write F = Be, then M is isomorphic 
to / := {6 G -B I 6e G M} as a (5-module. In particular, M is a free 
-B-module of rank one if and only if / is principal. 
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Next we consider the case where A is a noetherian domain. In this 
case, we have the positive answer to Problem 11.21 

Theorem 4.6. Let 6 G LNDfc(i?) and let M be a finitely generated 
torsion-free {B, 6) -module. Suppose that A is a noetherian domain. 
Then Mq is a finitely generated A-module. 



Proof. By Lemma 14. 5[ there exists a free {B, 5)-module F = Bfi © 
■ ■ ■ ® Bfn with fi G Fq and F contains M as a (5-submodule. Then 
Fq = Afi © • ■ ■ © Afn and it contains Mq. Since A is noetherian, we 
are done. D 

As an easy consequence of the theorem we have the following. 

Corollary 4.7. Let B be an affine domain over k of dimension < 3, 
5 G LNDfc(i?) and M a finitely generated torsion-free [B., 5) -module. 
Then Mq is a finitely generated A-module. 

This follows from the following lemma due to Zariski [10] since 
tr.deg kQ{A) = tr.deg kQ{B) - 1 if 5 ^ 0. 

Lemma 4.8. Let B be an affine domain over k, K a subfield of the 
quotient field Q{B) containing k and A = K H B. If tr.deg kK < 2, 
then A is a finitely generated k-algebra. 

We give the following sufficient condition for finite generation. The 
following lemma implies that in order to construct the counterexample 
to Problem II. 2[ Mq has to be non-free over A. 

Lemma 4.9. Let 6 G LNDfc(i?) and let M be a finitely generated {B , S)- 
module. Suppose that B is noetherian and Mq is free over A. Then Mq 
is a finitely generated A-module. 

Proof. Let {ci \ i E 1} be a basis of the A-module Mq. We show 
that {ci \ i E 1} is also a basis of the 5-module BMq. Suppose that 
^iCii + ■ ■ ■ + brCi^ = is a non-trivial relation with bi G B. Then 
there exists integers n,t such that S^{bi^) ^ and 6^~^^{bi) = for all 
i. Hence 6^{biei-^^ + ■ ■ ■ + brCi^.) = gives a non-trivial relation among 
Cij,--- , Cj^ with coefficients in A. This is a contradiction. Since B 
is noetherian, BMq is a finitely generated i?-module. Suppose that 
mi, ■ ■ ■ ,mn generates BMq as a 5-module. There exists r such that 
the TUi are equal to linear combinations of e,^ , • • ■ , e^^ . If J is not a 
finite set, then there exists s E I distinct to ii, ■ ■ ■ , v. Then Cg is equal 
to a linear combination of mi,--- ,mn and hence equal to a linear 
combination of e^j, ■ ■ ■ , e^^. This is a contradiction. Thus / must be a 
finite set. D 



5-MODULES AND THE FOURTEENTH PROBLEM OF HILBERT 11 

We have another sufficient condition for finite generation as follows. 

Lemma 4.10. Let 6 G LNDk{B) and let M be a 6 -module. Suppose 
that BMq is a free B-module with a basis {ci, ■ ■ ■ , e„} such that Ci G 
Mq. Then Mq is a free A-module with a basis {ci, ■ ■ ■ , e„}. 

Proof. Take any element m G Mq. Since m G BMq, we have m = 
biCi + ■ ■ ■ + &„e„ with 6j G B. Then we have 

ipt{m) = ipt{bi)ei H h <^t{hn)en- 

Thus we have 

= (6i - ipt{hi))ei H h (&„ - ipt{bn)en- 

Since {ei, ■ ■ ■ , e„} is a free basis of the i?-module BMq, we have bi — 
^t{i>i) = for all i. This implies that 6j G A for all i and hence 
m G v4ei + ■ ■ ■ + v4e„. It follows easily that Mq is a free A-module with 
a basis {ei, ■ ■ ■ , e„}. D 

5. Symmetric tensor algebra of ^-modules 

We can regard module derivations on a 5-module M as homogeneous 
locally nilpotent derivations of degree zero on the graded ring which is 
the symmetric tensor algebra R := S^{M) of M (see [H §3]). Namely, 
if we write R = 0~o R^'^ with /2(°) = B and i?(^) = M, then any 
locally nilpotent module derivation on M extends uniquely to 6r G 
LNDfc(i?) such that Sr\^(o) = S and 5ij|^(i) = 6m- Conversely, any 
homogeneous locally nilpotent derivation of degree zero 6fi G LNDfc(i?) 
with 5/2 1^(0) = 6 gives a locally nilpotent module derivation on M by 
setting 6m '■= 5_r|_r(i)- We note that if M is a free i?-module, then 
S^{M) is a polynomial ring over B. 

Lemma 5.1. Let 6 G LNDfc(5), M a 6-module and R := S'^iM) a 
graded ring as above. Define (5r G LNDfc(-R) as the unique extension 
of 6m- If Rq '-= Ker (5/2 is a finitely generated k-algebra, then A is a 
finitely generated k-algebra and Mq is a finitely generated A-module. 

Proof. Since 6r{R^''') C R^''', we may assume that a finite set of gener- 
ators {fij E Rq \ < i < s, I < j < ri} oi Rq consists of homogeneous 
elements fij G -R*-*-*. Then {/qj | 1 < J < tq} generates A as a /c- algebra 
and {fij I 1 < j < Ti} generates Mq as an A-module. D 

The converse of Lemma [5.11 is false, which is shown in the following. 

Theorem 5.2. Let B = k[xi,- ■ ■ , x„, yi, ■ • ■ , ?/„] be a polynomial ring 
and define 6 G LNDk{B) by 6{xi) = and 6{yi) = Xi^ for all i. Suppose 
n>A. Let M = Bei®Be2 be a free {B,6)-module with a basis {61,62}, 
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where 6m is defined by Sm^gi) = and 6^1(^2) = xiX2- ■ ■ XnCi. Let 
R = i? [61,62] be a polynomial ring over B and let 5/? G LNDfc(i?) be 
the extension of 6m- Then A := Ker 6 is finitely generated as a k- 
algebra and Mq := Ker Sm "is finitely generated as an A-module but 
Rq := Ker (5r is not finitely generated as a k-algebra. 

In the above theorem, we note that Theorem 14.61 imphes that R^^^CiRo 
is a finitely generated A-module, for i?*^*^ is a finitely generated B- 
module and A is noetherian. To prove the above theorem, we use 
the criterion proved by Kuroda [5J. We need some preparations. Let 
S = k[xi, ■ ■ ■ , Xm, yi,- ■ ■ ,yr] be a polynomial ring and define D G 
LNDfc(5') by D{xi) = for each z = 1, ■ ■ ■ , m and D{yj) = x^^ for each 
j = 1, ■ ■ ■ , r. Here we denote by x" the monomial xi""^ ■ ■ ■ Xm"™ for a = 
(ai, ■ ■ ■ , am) G Z"^. Put Eij = Si — 5j for z, j, and for A; = 1, ■ ■ ■ , m, let 
efj- and (5f be the k-th. components of Sij and 5i, respectively. Assume 
that r>4, m > r — 1 and e* • > for any 1 < i < r — 1 and 1 < j < r 
with i y^ j. We define 

el 



and 



min{ej ■ | j = 2, ■ ■ ■ ,r-l}' 



Tjk^i = ri mm{max{e\u, el ^},0} 



for z = 2, • • ■ , r — 1 and k = 3,- ■ ■ ,r — 1. For each fc = 3, ■ ■ ■ , r — 1, 
we set Lkr-2 to be a system of linear inequalities 

Ui + ■ ■ ■ + Ur-2 = 1 

Ui > rj, Mj > (i = 2, ■ ■ ■ , r — 2) 
.Ei=? min{4_i, 4,i+i}wj + %,i > (i = 2, ■ ■ ■ , r - 1) 

in the r — 2 variables mi, ■ ■ ■ , Ur--2- 

With these notations Kuroda states the following [5, Theorem 1.3]. 

Lemma 5.3. With the above notations and assumptions, if the sys- 
tem Ljs^r-2 of linear inequalities has a solution in R*""^ for each k = 
3, ■ ■ ■ ,r — 1, then Ker D is not finitely generated over k. 

Now we give the proof of Theorem 15.21 

Proof. First we show that Rq is not finitely generated over k. Write 
Xn+i = ei and yn+i = ^2- Then we can apply the above lemma to 
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R = k[xi,--- ,Xn+i,yi,--- ,yn+i], where r = m = n + l, 



5, = (0,---,0,2,0,---,0) (j^n + l), <5„+i = (l,---,l), 

'2 {i = 2) 

(i^k,i^2) 



^ = 2' ^i.fc 



(? 7^ A;) 
-2 (i = k) 




_ -I i^y^k) , _ 

'''•^"^O otherwise' ^"+1-^ " ^' ^"+i'^+i 



In this case, the system L^^n-i of hnear inequahes can be written as 
follows. 

\i-\ hMn-l = 1 

Ui > ^, Ui > {i = 2, ■ ■ ■ , n — 1) 

-Ui +U2^ h Un-l > 

Ui - U2 + Us -\ h M„_l - 1 > 

Ui + U2 — U3 + Ui + ■ ■ ■ + Un-l > 



^Ui+U2-\ h Un-2 - Un-l > 

Then (ui, ■ ■ ■ , Un-i) = (1/2, 0, 1/2, 0, ■ ■ ■ , 0) is a solution of L^^n-i- In 
a similar fashion, we obtain a solution (1/2, 1/2, 0, ■ ■ ■ , 0) of L^^n-i for 
/c = 4, ■ ■ ■ , n. Thus we conclude that i?o is not finitely generated over 
k. 

The algebra A is finitely generated over k. In fact, to prove the finite 
generation of A, we can employ the arguments in |4, Theoreml.2] where 
the hypothesis t >2 can be easily relaxed to t > 1. The A-module Mq 
is finitely generated by Theorem 14. 61 D 



6. Differential modules 

In this section, we prove that the differential module fls/k is given 
naturally a {B, 6)-m.odu\e structure and we give counterexamples to the 
Problem 11.21 and then new counterexamples to the fourteenth problem 
of Hilbert by making use of differential modules. We can make use of 
the counterexamples given by Roberts \^ in the case of dimension 7, 
by Kojima and Miyanishi [1] in the general case, by Freudenburg [2] in 
the case of dimension 6, and by Daigle and Freudenburg pQ in the case 
of dimension 5. 
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Lemma 6.1. Let B he a C-algehra and let 5 he a locally nilpotent 
C -derivation of B. Then the differential module M := VLb/c is a 5- 
module, where 6m is defined by SM^db) = d5{h). For any a E A, we 
have da G Mq. The module derivation Sm induces a module derivation 
on N := DeTc{B) = HouiBi^B/k, B) which takes 5' to 66' — 6'6. Then 
6 E Nq. If B is finitely generated over C , then N is a 6-module. 

Proof. Defined' G LNDc(5®c5) by (5'(6i®62) = 6{bi)®b2 + bi®6{b2) 
and define a C-module homoniorphism /i : B®cB -^ Bhy ix{bi®b2) = 
6162 for bi,b2 G B. Since fi6' = 6 ft, tlie ideal I := Ker /i is a 5'-ideal. 
Hence if we regard B ^c B as a. 5- module by 6 ■ (61 ® 62) = (^^i) ® &2 
for b, 61, 62 G B, then J is a (5-module. Thus I/P is a ^-module and it 
is isomorphic to ^b/c- For / G B.om.B{^B/c,B) and 6 G -B, we have 
6{f){db) = 6{f{db)) - f{d6{b)). This completes the proof. D 

We construct a counterexample to Problem 11.21 as follows. 

Theorem 6.2. Let B = k[xi,--- ,Xn,yi,--- , 2/n+i] be a polynomial 
ring and define 6 G LNDfc(i?) by 6{xi) = and 6{yi) = x/~^^ for 
all 1 < i < n, and 6{yn+i) = (a;i ■ ■ ■a;„)*. Suppose that n > 3 and 
t > 2. Let M = flB/k be the differential module with natural 6-module 
structure. Then Mq is not a finitely generated A-module. 

Before proving this theorem, we give the following corollary. This 
will give a counterexample to the fourteenth problem of Hilbert. 
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Corollary 6.3. Let R = k[xi, ■■■ , x„, ?/i, ■ ■ ■ , |/„+i, Wi, 

zi,- ■ ■ , Zn+i] be a polynomial ring and define 6^ G LNDfc(-R) by 6ii{xi) = 

6R{wi) = and 6R{yi) = Xj*"*""^ and 6^(21) = (t + l)xi^Wi for all 1 < 

i < n, 6R{yn+i) = (xi---x„)*, and6R{zn+i) = YJi=i't'{xi ' ' ' ^n / Xi)wi. 

Suppose that n > 3 and t > 2. Then Ker 6r is not a finitely generated 

k-algebra. 

Proof. Lemma EH it suffices to show that 6r is an extension of 6m with 
the notation Wi = dx-i for all 1 < i < n and Zj = dyj for all 1 < j < 
n + 1. Indeed, 6{dxi) = d{6{xi)) = d{0) = and 6{dyi) = d{6{yi)) = 
d{xi^~^^) = (t + l)xi^dxi for all 1 < i < n, and 6{dyn+i) = d{6{yn+i)) = 

d{Xi ■ ■ ■ Xn) = tXi~^X2^ ■ ■ ■XndXi + - ■ ■ + tXi ■ ■ ■ Xn-lXn~^ dXn- HcUCe 

we have the assertion. D 

In the above corollary, we note that infinitely many generators of the 
A-module Mq give infinitely many generators of the /c-algebra Rq. 

In order to prove Theorem 16.21 we need the following lemmas. The 
next lemma is proved by Roberts [H Lemma 3] in the case of dimension 
7 and by Kojima and Miyanishi [U Theorem 3.1] in the general case. 
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Lemma 6.4. With the notations of Theorem \6.S\ A contains elements 
of the form 

xiijn+i + {terms of lower degree in Un+i) 

for each i > 1. 

The next lemma is used to prove that A is not finitely generated over 
k. 

Lemma 6.5. With the notations of Theorem \6.2. if a monomial of the 
form Xi^yn+i with £ > appears in a polynomial expression of f E A 
as an element of B, then a > 0. 

Proof. Suppose that a = 0. Since we have 

(1) KVu+l) = ^{xi ■ ■ ■ x„)*y„+/"\ 

there exists a monomial g = xi^^ ■ ■ ■ x„^"yi'^^ ■ ■ ■ y„+i'^"+^ with 

(6i, ■ ■ ■ , 6„, ci, ■ ■ ■ , c„+i) 7^ (0, ■ ■ ■ , 0, ■ ■ ■ , 0, /) 

in a polynomial expression of /, and the monomial (xi ■ ■ ■ a;„)*y„+i'~^ 
appears in a polynomial expression of S{g). Since S{g) consists of terms 

(2) xi''^---a;>x/+V^---yn+i'"+Vl/. 
ioT 1 < i < n and 

xi^' ■ ■ ■ x„^"xi* ■ ■ ■ xjyi^' ■ ■ ■ y„'"y„+i'"+'"\ 

we must have c„+i = / — 1 and there exists s such that Cg = 1 and 
Cj = for all i ^ s, for the last term cannot cancel with 6{y^_^_-^). 
By comparing the exponents of Xg in (1) and (2) for i = s, we have 
t = t + 1 + bg but this is a contradiction. D 

Arguing as in the above lemma, we can prove the following lemma. 

Lemma 6.6. With the notations of Theorem \6.^ if a monomial of the 
form Xi^yn+idyn+i with £ > appears in a polynomial expression of 
m G Mq as an element of R, then a > 0. 

Proof Suppose that a = 0. Since dyn+i does not appear in any 6{dxi) 
or any S{dyi), it follows from the equality 

(3) 5{yn+i'^dyn+i) = l{xi ■ ■ ■ XnYyu+i'^dy^+i 

+ (terms not containing dyn+i) 

that there exists a monomial v = xi''^ ■ ■ ■ Xn^"yi^^ ■ ■ ■ ?/„+i^"+^(i?/„_|_i with 
(6i, ■ ■ ■ , 6„, ci, ■ ■ ■ , Cn+i) 7^ (0, ■ ■ ■ , 0, ■ ■ ■ , 0, /) 
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in a polynomial expression of m, and the monomial (xi ■ ■ ■ XnYvn+i^^dyn+i 
appears in a polynomial expression of S{v). Since a term in a polyno- 
mial expression of 6{v) containing di/n+i is 

(4) X,'' ■ ■ ■ Xn'-x.'+'y,'' ■ ■ ■ yn+i'^-^'dyn+i/Vi 

ioT 1 < i < n or 

we must have c„+i = / — 1 and there exists s such that Cg = 1 and 
Cj = for all i y^ s. By comparing the exponents of Xs in (3) and (4) 
for i = s,t = t + l + bs but this is a contradiction. D 

Now we give the proof of Theorem 16. 2[ 

Proof. Suppose that Mq = Ami + ■ • ■ + Amr. There exists a sufficiently 
large integer q such that no monomial of the form Xi°'y^_^_idyn+i with 
I > q appears in a polynomial expression of any rrii. Since da e Mq for 
any a & A, it follows from Lemma 16.41 that Mq contains an element of 
the form 

m = (xiy„,_|_i^ + (terms of lower degree in yn+i))dyn+i 

+ (terms not containing di/n+i). 

Then m = aiirti + ■ ■ ■ + aririr for some Oj G A. By the choice of g, those 
terms airrii which contribute to produce the term Xiyl^j^^dyn+i of m have 
the coefficient Oj containing the term x^y^^^^ with a > 0. By Lemma 1^751 
and Lemma 16.61 applied to Oj and rrii respectively that the coefficient 
of yn+idyn+i in m is not equal to Xi. This is a contradiction. D 

We obtain the following counterexamples to Problem 11.21 by making 
use of the counterexamples to the fourteenth problem of Hilbert given 
by Freudenburg [2] and Daigle-Freudenburg [1]. 

Theorem 6.7. Let B = k[x, y, s, t, u, v] be a polynomial ring and define 
6 e LNDfc(5) by 6{x) = 6{y) = 0, 6{s) = x^, 6{t) = yh, 6{u) = yH 
and 5{v) = x'^y'^. Let M = VLb/u be the module derivation with natural 
6-module structure. Then Mq is not a finitely generated A-module. 

Theorem 6.8. Let B = k[x,s,t,u,v] be a polynomial ring and define 
6 e LNDfe(5) by S{x) = 0, 6{s) = x^ , 6{t) = s, 6{u) = t, and 5{v) = 
x^ . Let M = Qs/k be the module derivation with natural 6-module 
structure. Then Mq is not finitely generated over A. 

We can prove the above theorems in the same fashion as Theorem 
with the lemma similar to Lemma 16.41 (see [21 Lemma 2] and [Sj 
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Lemma 7.5]) and in each case S%{M) gives the new counterexample to 
the fourteenth problem of Hilbert. 

As we have seen above, we use the differential module fls/k in order 
to construct a counterexample to Problem II .21 Then R := S^{QB/k) 
gives a counterexample to the fourteenth problem of Hilbert. We can 
give the natural 5ij-module structure to the differential module fiR/k, 
where Sr G LND(/2) is induced by 6. Then we can prove in the same 
fashion as above that ^R/k gives a counterexample to Problem 11.21 and 
S^{QR/k) gives a counbterexample to the fourteenth problem of Hilbert. 
We can continue this process infinitely many times. 
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